K-GROUPS FOR RINGS OF FINITE COHEN MAC AULAY TYPE 
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Abstract. For a local Cohen— Macaulay ring R of finite CM-type, Yoshino has 
applied methods of Auslander and Reiten to compute the Grothendieck group 
Ko of the category mod R of finitely generated R- modules. For the same type of 
rings, we compute in this paper the first Quillen K-group Ki(mod R). We also 
describe the group homomorphism R* — > Ki (mod R) induced by the inclusion 
functor proj R — » mod R, and illustrate our results with concrete examples. 



1. Introduction 

Throughout this introduction, R denotes a commutative noetherian local Cohen- 
Macaulay ring. The lower K-groups of R are known: Kq(R) = Z and Ki(i?) = R*. 
For n £ {0, 1} the classical K-group K n (R) of the ring coincides with Quillen's K- 
group K„(proj R) of the exact category of finitely generated projective i?-modules; 
and if R is regular, then Quillen's resolution theorem shows that the inclusion 
functor proj R — > mod R induces an isomorphism K„(proj R) = K„(mod R). If R is 
non-regular, then these groups are usually not isomorphic. The groups K„(mod R) 
are often denoted G„(i?) and they are classical objects of study called the G-theory 
of R. A celebrated result of Quillen is that G-theory is well-behaved under (Laurent) 
polynomial extensions: G n (R[t}) = G n (R) and G n (R[t, t^ 1 }) = G n (R) © G n -i(R). 

Auslander and Reiten [3] showed how to compute Ko(mod A) for an Artin algebra 
A of finite representation type. Using similar techniques, Yoshino (21] computed 
Ko(mod R) in the case where R has finite (as opposed to tame or wild) CM-type: 

Theorem (Yoshino [21] thm. (13.7)]). Assume that R is henselian and that it 
has a dualizing module. If R has finite CM-type, then there is a group isomorphism, 

K (modi?) ^ CokerT , 

where T: Z* — > Z* +1 is the Auslander-Reiten homomorphism from 



Yoshino 's result is as much a contribution to algebraic K-theory as it is to the rep- 
resentation theory of the category MCM R of maximal Cohen-Macaulay i?-modules. 
Indeed, for every integer n the inclusion functor MCM R — > mod R induces a 
group isomorphism K„(MCM R) = K„(mod R). 

In this paper, we build upon results and techniques of Auslander and Reiten [3J, 
Bass [5J, Lam [T3], Leuschke [13], Quillen [15], Vaserstein [H [2D], and Yoshino [H] 
to compute the group Ki(modi?) when R has finite CM-type. Our main result is 
Theorem (|2.11j) : it asserts that there is an isomorphism, 

Ki(mod R) = Autij(M) a b/E , 
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where M is any representation generator of the category of maximal Cohen-Macau- 
lay i?-modules and Aut_R(M) a b is the abelianization of its automorphism group. 
The subgroup H is more complicated to describe; it is determined by the Auslander- 
Reiten sequences and defined in (12.91) . We also show that if one writes M = R® M', 
then the homomorphism R* = Kx(proj R) Ki(modi?) induced by the inclusion 
functor proj R —> mod R can be identified with the map 

^- R* — > Aut fl (M) ab /H given by r 

The paper is organized as follows: In Section [2] we formulate our main result, 
Theorem (|2.11[) . This theorem is not proved until Section [7j and the intermediate 
Sections [3] (on Auslander's and Reitcn's theory for coherent pairs), 2] (on Vaserstein's 
result for semilocal rings), [5] (on some useful equivalences of categories), and|5](on 
Yoshino's results for the abelian category y) prepare the ground. 

In Sections [8] and Owe apply our main theorem to compute the group Ki(mod R) 
and the homomorphism A: R* — > Ki(modi?) in some concrete examples. E.g. for 
the simple curve singularity R — fc[T 2 , T 3 J we obtain Ki(mod R) = fcjTj* and show 
that the homomorphism A: fc[T 2 ,T 3 J* — > fcpl* is the inclusion. It is well-known 
that if R is artinian with residue field k, then one has Ki(mod R) = k*. We apply 
Theorem (|2.11|) to confirm this isomorphism for the ring R — k[X]/(X 2 ) of dual 
numbers and to show that the homomorphism A : R* — > k* is given by a + bX n> a 2 ; 
this is a special case of Proposition (|9.4j) . which might be well-known to experts. 

The paper ends with an appendix. In the proof of Theorem (|2.1ip we compare 
and identify various K-groups. Appendix [X] is devoted to the Gersten-Sherman 
transformation, which is a natural transformation ( : Kf — > Ki where Kf is Bass' 
Ki-functor for skeletally small exact categories. Examples by Gersten and Murthy 
show that for a general exact category C the homomorphism (c '■ K^(C) — > K^(C) 
need not be an isomorphism; in fact, Cmodzc 2 is n °t surjective. On the other hand, 
it is crucial for our proof of Theorem (I2.11[) that Cmod r is an isomorphism in the 
case where R has finite CM-type. 

2. Formulation of the Main Theorem 

Let R be a commutative noetherian local Cohen-Macaulay ring. By mod R we 
denote the abelian category of finitely generated i?-modules. The exact categories 
of finitely generated projective modules and of maximal Cohen-Macaulay modules 
over R are written proj R and MCM R, respectively. The goal of this section is to 
state our main Theorem (|2.1I|) ; its proof is postponed to Section [7j 

(2.1) Setup. Throughout this paper, (R, m, k) is a commutative noetherian local 
Cohen-Macaulay ring satisfying the following assumptions. 

(1) R is henselian. 

(2) R admits a dualizing module. 

(3) R has finite CM-type, that is, up to isomorphism, there are only finitely many 
non-isomorphic indecomposable maximal Cohen-Macaulay i?-modules. 

Note that (1) and (2) hold if R is m-adically complete. Since R is henselian, the 
category modi? is Krull-Schmidt by [21] prop. (1.18)]; this fact will be important 
a number of times in this paper. 
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Set Mo = R and let Mi , . . . , Mt be a set of representatives for the isomorphism 
classes of non-free indecomposable maximal Cohen-Macaulay R- modules. Let M 
be any representation generator of MCM R — that is, a finitely generated i?-module 
such that addflM = MCM R holds— for example, M could be M © M x © • ■ • © M t . 
We denote by E — End^(M) the endomorphism ring of M. 

It follows from (2TJ thm. (4.22)] that R is an isolated singularity, and hence by 
loc. cit. thm. (3.2) the category MCMi? admits Auslander-Reiten sequences. Let 

— >T{Mj) — > X 3 — > M 3 — >0 (l<j<t) (2.1.1) 

be the Auslander-Reiten sequence in MCM R ending in Mj, where r is the Auslan- 
der-Reiten translation. 

(2.2) Definition. For each Auslander-Reiten sequence (|2.1.1j) we have 

Xj S M noi © M™ 13 © • • • © M t ny 

for uniquely determined noj, n\j, . . . , n t j 0. Consider the element, 

t{M 3 ) + Mj - n 0j M a - nijMt n tJ M t , 

in the free abelian group ZMo © 1M\ © • • • © ZM t , and write this element as, 

yo j Mo + 2/i j Mi H \-y t jM t , 

where yoj, yij, . . . ,y t j € Z. Define the Auslander-Reiten matrix T as the (t + 1) x t 
matrix with entries in Z whose j'th column is (yoj> Vij, ■ ■ ■ , Utj)- When T is viewed 
as a homomorphism of abelian groups T : Z* — > Z t+1 (elements in Z* and Z t+1 are 
viewed as column vectors), we refer to it as the Auslander-Reiten homomorphism. 

(2.3) Example. Let R = CfX, Y, Zj/(X 3 + Y 4 + Z 2 ). Besides M = R there are 
exactly t — 6 non-isomorphic indecomposable maximal Cohen-Macaulay modules, 
and the Auslander-Reiten sequences have the following form, 





— > 


Mi — 


>M 2 - 


-> Mi - 


-> 
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>M 2 - 


^Mif 


D M 3 — 


->M 2 - 
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M 3 - 
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see [2TJ (13.9)]. The 7x6 Auslander-Reiten matrix T is therefore given by 
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In this case, the Auslander-Reiten homomorphism T : Z 6 — ► Z 7 is clearly injective. 

One hypothesis in our main result, Theorem (|2.11j) below, is that the Auslander- 
Reiten homomorpism T over the ring R in question is injective. We are not aware 
of an example where T is not injective. The following lemma covers the situation of 
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the rational double points, that is, the fixed point rings R = k\X, YJ G , where k is 
an algebraically closed field of characteristic and G is a non-trivial finite subgroup 
of SL 2 (fc); see @]. 

(2.4) Lemma. Assume that R is complete, integrally closed, non-regular, Goren- 
stein, of Krull dimension 2, and that the residue Geld k is algebraically closed. Then 
the Auslander-Reiten homomorphism T is injective. 

Proof. Let 1 $C j ' ^ t be given and consider the expression 

r(Mf) + Mj - n 0j M - nyMi n tj M t = y oj M + y xj M x + ■■■ + y tj M t 

in the free abelian group ZM © 1M\ © • • • ffi ZM t , see Definition f[2T2]) . Let T be 
the Auslander-Reiten quiver of MCM R. We recall from [4] thm. 1] that the arrows 
in r occur in pairs o \ \ o , and that collapsing each pair to an undirected edge 
gives an extended Dynkin diagram A. Moreover, removing the vertex corresponding 
to Mq = R and any incident edges gives a Dynkin graph A. 

Now, Xj has a direct summand if and only if there is an arrow Mk — > Mj in T. 
Also, the Auslander-Reiten translation r satisfies t(Mj) = Mj by [H proof of thm. 
1]. Combined with the structure of the Auslander-Reiten quiver, this means that 

r 2 if fc = j , 

yuj = < — 1 if there is an edge Mj in A , 

[ otherwise . 

Hence the t X t matrix To with (yij, ■ ■ ■ , ytj) as j'th column, where 1 ^ j ^ t, is the 
Cartan matrix of the Dynkin graph A; cf. def. 4.5.3]. This matrix is invertible by 
O exer. (21.18)]. Deleting the first row (yoi, ■ ■ ■ , Hot) in the Auslander-Reiten ma- 
trix T, we get the invertible matrix To, and consequently, T : Z* — 5- Z* +1 determines 
an injective homomorphism. □ 

For a group G we denote by G a b its abelianization, i.e. G a b = G/[G,G], where 
[G, G] is the commutator subgroup of G. 

We refer to the following as the tilde construction. It associates to every auto- 
morphism a : X — > X of a maximal Cohen-Macaulay module X an automorphism 
a : M q — > M q of the smallest power q of the representation generator M such that 
A is a direct summand of M q . 

(2.5) Construction. The chosen representation generator M for MCM R has the 
form M = M™° © ■ • • © M t m * for uniquely determined integers mo, . . . , m t > 0. For 
any module X = M£ © ■ • • © M"* in MCM R, we define natural numbers, 

q = q(X) = minjjj G N | prrij ^ rij for all $J j ^ t} , and 
Vj = Vj{X) = qmj — rij , 

and a module Y = Mq° © • ■ • © M v t l in MCM R. Let X ®Y M q be the R- 
isomorphism that maps an element 

(feo- ■ • • ,3*), (V , ■ ■ ■ ,V t )) G X © T = (M Q "° © • • • © M t ™*) © (Mq° © • • • © M?) , 
where x € M- 3 and y . € , to the element 

(feon • • ■ • • feo 9 - • • • ,2*,)) e M« = (M mo © • • • © M 4 mt ) 9 , 
where z jl7 . . . ,z j5 G M™ J are given by {z jlt . . .,z jq ) = (x p y_^) G M^™ 3 = M™ J+V \ 
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Now, given a in Autn(X), we define a to be the uniquely determined element 
in Autfl(M 9 ) that makes the following diagram commutative, 



X®Y ■ 



X®Y ■ 



-> M q . 



The automorphism a of M q has the form a = for uniquely determined endo- 
morphisms dij of M, that is, <Sij 6 E = End^(M). Hence a = (aij) can naturally 
be viewed as an invertible q x q matrix with entries in E. 

(2.6) Example. Let M = Mq®---® M t and X = M r Then q = 1 and 

y = M © ■ ■ • © Mj_i © M i+1 © • ■ • © M t . 

The isomorphism tp: X ®Y —> M maps (xj , (xq, . . . , Xj—i, Xj+i , . . . , Xt)) in X © Y 
to (xq, . . . ,Xj-i,Xj,Xj+i, . . . ,Xt) in M. Therefore, for a € Aut#(X) 
Construction (|2.5p yields the following automorphism of M, 



Aut R (Mj), 



( l Mo 



\ 



la/,- 



\ 



which is an invertible lxl (block) matrix with entry in E 



Endfl(M). 



The following result on Auslander -Rcitcn sequences is quite standard. We pro- 
vide a few proof details along with the appropriate references. 

(2.7) Proposition. Let there be given Auslander-Reiten sequences in MCM R, 

— > t(M) — > X — > M — > and — >• r(M') — !• X' — > M' — > . 

Jf a : Af — > M' is a homomorphism then there exist homomorphisms /3 and 7 that 
make the following diagram commutative, 

> t(M) > X > M > 



0- 



-it(M) 

l 

I 7 
4. 



-> X - 

I 

1/3 
X 

-> X' ■ 



->Af' 



-40. 



-4 r(Af') ■ 

Furthermore, if a is an isomorphism then so are f3 and 7. 

Proof. Write p: X —> M and p': X' — > M' . It suffices to prove the existence of (3 
such that p'/3 = ap, because then the existence of 7 follows from diagram chasing. 

As — > t(M') — > X 1 — > M' — > is an Auslander-Reiten sequence, it suffices by 
[2T1 lem. (2.9)] to show that ap: X — !> M' is not a split epimorphism. Suppose that 
there do exist r: M' —> X with apr = 1m'- Hence a is a split epimorphism. As 
M is indecomposable, a must be an isomorphism. Thus pra — a^ 1 (apr)a = 1m, 
which contradicts the fact that p is not a split epimorphism. 

The fact that (3 and 7 are isomorphisms if a is so follows from [2TJ lem. (2.4)]. □ 
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The choice requested in the following construction is possible by Proposition (12. 7p . 

(2.8) Construction. Choose for each 1 ^ j ^ t and every a S Auti?(M 7 ) elements 
/3j t(x G AutniXj) and jj lCt s Autij(r(Mj)) that make the next diagram commute, 

> r(Mj ) > > Mj > 

(2.8.1) 

> i~(Mj ) > Xj > Mj > ; 

here the row(s) is the j'th Auslander-Reiten sequence (|2.1.ip . 

As shown in Lemma (|4.1|) . the endomorphism ring E = End^(M) of the chosen 
representation generator M is semilocal, that is, E/3(E) is semisimple. Thus, if 
the ground ring R, and hence also the endomorphism ring E, is an algebra over the 
residue field k and char(fc) ^ 2, then a result by Vaserstein [20j thm. 2] yields that 
the canonical homomorphism 6 E : E* h —> Kf (E) is an isomorphism. Here Kf (E) 
is the classical K^-group of the ring E; sec (|A.1[) . Its inverse, 

e E x = det E : Kf(E) — > E* ah = Aut fl (M) ab , 

is called the generalized determinant map. The details are discussed in Section [4] 
We are now in a position to define the subgroup S of Autfl(M) a b that appears in 
our mam Theorem (f2~TTj) below. 

(2.9) Definition. Let (R, m, k) be a ring satisfying the hypotheses in Setup (|2.1I) . 
Assume, in addition, that R is an algebra over k and that one has char(fc) ^ 2. 
Define a subgroup S of Aut_fj(M) a b as follows. 

- Choose for each 1 $C j ^ t and each a £ Autfl(Mj) elements /3j iQ £ Autfl(Aj) 
and 7j iQ £ Aut/j(r(Mj)) as in Construction (|2.8p . 

- Let a, /?j,a, and 7 JiQ be the invertible matrices with entries in E obtained by 
applying the tilde construction (|2.5[) to a, /3j^ a , and Jj, a - 

Define 3 to be the subgroup of Aut^(M) a b generated by the elements 

(det B a)(det_E j3 jta )~ 1 (det E Jj, a ) , 
where j ranges over {1, . . . ,t} and a over Aut ^(Mj). 

(2.10) Remark. In specific examples it is convenient to consider the simplest possi- 
ble representation generator M = Mo © Mi © • • ■ © M t . In this case, Example (|2.6j) 
shows that a and jj j(x are lxl matrices with entries in E, that is, a,7/, Q G E* , 
and consequently det^ a — a and det^ 7 J Q = 7 J Q as elements in E* h . 

We are now in a position to state our main result. 

(2.11) Theorem. Let (R, m, k) be a ring satisfying the hypotheses in Setup i2.1)) . 
Assume that R is an algebra over its residue Geld k with char(fc) ^ 2, and that the 
Auslander-Reiten homomorphism T : Z* — » Z t+1 from Definition i2.2\) is injective. 

Let M be any representation generator of MCM R. There is an isomorphism, 

K^modfl) £ Aut B (M)ab/S , 
where S is the subgroup of Aut#(M) a b given in Dchnition i2.9)) . 




K-GROUPS FOR RINGS OF FINITE COHEN-MACAULAY TYPE 



7 



Furthermore, if inc : proj R — > mod R is the inclusion functor and M = R © M', 
then Ki(inc) : Ki(proj R) — > Ki(mod R) may be identified with the homomorphism. 

A: R* — ► Autfl(M) ab /S given by r 

As mentioned in the Introduction, the proof of Theorem (|2.11j) spans Sections [3] 
to [71 Applications and examples are presented in Sections [8] and [9] 

3. Coherent Pairs 

We recall some results and notions from the paper [3] by Auslander and Reiten 
which are central in the proof of our main Theorem p. lip . Throughout this section, 
A denotes a skeletally small additive category. 

(3.1) Definition. A pseudo (or weak) kernel of a morphism g : A — > A' in A is a 
morphism / : A" — > A in A such that gf = 0, and which satisfies that every diagram 
in A as below can be completed (but not necessarily in a unique way). 

B 

A"*- >A >A'. 

f 3 

We say that A has pseudo kernels if every morphism in A has a pseudo kernel. 

(3.2) Observation. Let A be a full additive subcategory of an abelian category 
M.. If is precovering (or contravariantly finite) in Ai, see [H def. 5.1.1], then A 
has pseudo kernels. Indeed, if i : K A is the kernel in Ai of g : A — > A' in A, and 
if /: A" — > K is an „4-precover of K, then if: A" — > A is a pseudo kernel of g. 

(3.3) Definition. Let B be a full additive subcategory of A. Auslander and Reiten 
[3] call (A, B) a coherent pair if A has pseudo kernels in the sense of Definition (|3.1[) , 
and B is precovering in A. 

If (A, B) is a coherent pair then also B has pseudo kernels by |S1 prop. 1.4(a)]. 

(3.4) Definition. Write Mod A for the abelian category of additive contravariant 
functors A — > Ab, where Ab is the category of abelian groups. Denote by mod A 
the full subcategory of Mod A consisting of finitely presented functors. 

(3.5) If the category A has pseudo kernels then mod A is abelian, and the inclusion 
functor mod^l — > Mod .A is exact, see [31 prop. 1.3]. 

If (A, B) is a coherent pair, see (|3.3p . then the exact restriction Mod A — > Mod B 
maps mod A to mod B by [31 prop. 1.4(b)]. In this case, there are functors, 

Kerr — > mod A — > mod B , (3.5.1) 

where r is the restriction and i the inclusion functor. The kernel of r, that is, 

Kerr = {F E mod A \ F{B) = for all B E B } , 

is a Serre subcategory of the abelian category mod A. The quotient (mod A)/ (Kerr), 
in the sense of Gabriel [10] , is equivalent to the category mod B, and the canonical 
functor mod A — > (mod„4)/(Kerr) may be identified with r. These assertions are 
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proved in [3j prop. 1.5]. Therefore (|3.5.1|) induces by Quillen's localization theorem 
[TBI §5 thm. 5] a long exact sequence of K-groups, 

K.„.(i) K„(r) 

■ • • > K n (Kerr) > K„(mod.4) > K„(mod B) > ■ ■ ■ 

(3.5.2) 

>K (Kerr) -^^K (modA) -^^K (mod B) >0. 

4. Semilocal Rings 

A ring A is semilocal if A/J(A) is semisimple. Here J(A) is the Jacobson radical 
of A. If A is commutative then this definition is equivalent to A having only finitely 
many maximal ideals; see Lam prop. (20.2)]. 

(4.1) Lemma. Let R be a commutative noetherian semilocal ring, and let M ^ 
be a finitely generated R-module. Then the ring F,ndn(M ) is semilocal. 

Proof. As R is commutative and noetherian, End^(M) is a module-finite i?-algebra. 
Since R is semilocal, the assertion now follows from [12l prop. (20.6)]. □ 

(4.2) Denote by A* the group of units in a ring A, and let tf A ■ A* -> (A) be the 
composite of the group homomorphisms, 

A* = GLi(A) c — > GL(A) -» GL(A) ab = Kf (A) . (4.2.1) 

Some authors refer to $a as the Whitehead determinant. If A is semilocal, then 
i)a is surjective by Bass 6, V§9 thm. (9.1)]. As the group Kf (A) is abelian one has 
[A*, A*] C Kev&A, and we write 9a '■ A* b — > Kf (A) for the induced homomorphism. 

Vaserstein [19] showed that the inclusion [A*, A*} C Ker$A is strict for the semi- 
local ring A = M2(F2) where F2 is the field with two elements. In p~9l thm. 3.6(a)] 
it is shown that if A is semilocal, then Ker $a is the subgroup of A* generated by 
elements of the form (1 + ab)(l + 6a)" 1 where a,b £ A and 1 + ab 6 A* . 

If A is semilocal, that is, A/J(A) is semisimple, then by the Artin-Wedderburn 
theorem there is an isomorphism of rings, 

A/J{A)=M ni (D 1 )x---xM nt (D t ), 

where D\, . . . , D t are division rings, and n\, . . . , rij are natural numbers all of which 
are uniquely determined by A. The next result is due to Vaserstein [20j thm. 2] . 

(4.3) Theorem. Let A be semilocal and write A/J(A) = M ni (£>i) x • • • x M„ t (D t ). 
If none of the M ni (A) 's is M 2 (F 2 ), and at most one of the M Wi (A) 's is Mi (F 2 ) = F 2 
then one has Keri?^ = [A*, A*]. In particular, tDa induces an isomorphism, 

e A :A* ah ^K°(A). □ 

(4.4) Remark. Note that if A is a semilocal ring which is an algebra over a field k 
with characteristic 7^ 2, then the hypothesis in Theorem (|4.3|) is satisfied. 

If A is a commutative semilocal ring, then Keri?^ and the commutator subgroup 
[A*, A*] = {1} are identical, i.e. the surjective homomorphism -Oa — 6a '■ A* — > (A) 
is an isomorphism. Indeed, the determinant homomorphisms det„ : GL n (A) — > A* 
induce a homomorphism det^ : Kf (A) — > A* that evidently satisfies detA 6 A = 1a* • 
Since 9a is surjective, it follows that 9a is an isomorphism with 9~ A X = dct^- 
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(4.5) Definition. Let A be a ring for which the homomorphism 9 a ■ A* ah — ► (A) 
from (|4.2j) is an isomorphism; for example, A could be a commutative semilocal ring 
or a noncommutative semilocal ring satisfying the assumptions in Theorem (|4.3[) . 
The inverse 9~^ is denoted by det^t, and we call it the generalized determinant. 

(4.6) Remark. Let £ be an m x n and let y be an n x p matrix with entries in a 
ring A. Denote by "•" the product M mxn (A°P) x M nxp (A°P) -> M mxp (A°P). Then 

tt ■ x) T = x T C T , 

where x T £ T is computed using the product M pxn (A) x M„ xm (A) — » M pxm (A). 
Thus, transposition (— ) T : GL n (^4 op ) — » GL„(^4) is an anti-isomorphism (this is also 
noted in [6l V§7]), which induces an isomorphism (— ) T : K^(A° P ) — > Kf(A). 

(4.7) Lemma. Let A be a ring for which the generalized determinant det^ = 6^ 
exists; cf. Definition i4.5\) . For every invertible matrix £ with entries in A one has 



an equality detA°v(£, T ) = det^(^) in the abelian group (^4 op )ab = ^lb- 
Proof. Clearly, there is a commutative diagram, 

< h — (^ op ): b 



Kf(A)^Kf(A°P), 

It follows that one has 6~^l P ° (— ) T = that is, det^op o (— ) T = det^- □ 

5. Some Useful Functors 

Throughout this section, A is a ring and M is a fixed left A-module. We denote by 
E = Endyi(Af) the endomorphism ring of M. Note that M = a,eM has a natural 
left-A-left-S-bimodule structure. 

(5.1) There is a pair of adjoint functors, 

Homjt(M,— ) 

Mod A j ~ > Mod(£ op ) . 
It is easily seen that they restrict to a pair of quasi-inverse equivalences, 

Hom A (M,-) 

add A M , | proj(£ op ) . 

Auslander referred to this phenomenon as projectivization; see [5l I§2]. 

Let F G Mod(addyiM), that is, F: addyiM — >■ Ab is a contravariant additive func- 
tor, see Definition (|3.4[) . The compatible £?-module structure on the given A-module 
M induces an i? op -module structure on the abelian group FM which is given by 
za = (Fa)(z) for a <E E and z G FM. 

(5.2) Proposition. There are quasi-inverse equivalences of abelian categories, 

Mod(add A M) , ~ Mod(£ op ) , 
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where eu (evaluation ) and /m (functorhcation ) are defined as follows, 

e M (F) = FM and f M (Z) = Z ® E Hom A (- M)\ 3Ma m , 

for F in Mod(adcUM) and Z in Mod(i? op ). They restrict to quasi-inverse equiva- 
lences between categories of hnitely presented objects, 

cm 

mod(add A M) , | ~^ mod(£ op ) . 

/a/ 

Proof. For Z in Mod(E° p ) the canonical isomorphism 

Z A Z ® E E = Z ® E Rom A (M, M) = e M fu{Z) 

is natural in Z . Thus, the functors idMod(_E°p) and cm/m are naturally isomorphic. 
For F in Mod(add^M) there is a natural transformation, 

f M e M (F) = FM ® B Hom A (-, M)| addAM A F ; (5.2.1) 

for X in add^M the homomorphism 5x '■ FM <E>e Hom A (X, M) — > FX is given by 
z (S> ip > (Fip)(z). Note that 5m is an isomorphism as it may be identified with 
the canonical isomorphism FM <£>e eE FM in Ab. As the functors in (|5.2.1j) 
are additive, it follows that Sx is an isomorphism for every X G add^M, that is, 
8 is a natural isomorphism. Since (j5.2.1[) is natural in F, the functors Jm^m and 
idMod(adcUA/) are naturally isomorphic. 

It is straightforward to verify that the functors eu and fu map finitely presented 
objects to finitely presented objects. □ 

(5.3) Observation. In the case M = A one has E = EndA(M) = A op , and there- 
fore Proposition (|5.2I) yields an equivalence f A ■ mod A — > mod(proj A) given by 

X — > X <8uo P Rom A (-,A)\ 

proj A • 

It is easily seen that the functor f A is naturally isomorphic to the functor given by 

X i — ► Hom^(-, X)\ projA . 
We will usually identify f A with this functor. 

(5.4) Definition. The functor y M ■ add^M -> mod(addAM) which for X G add A M 
is given by um{X) = Hom^f- , X)\ a M A M is called the Yoneda functor. 

Let A be a full additive subcategory of an abelian category M. If A is closed 
under extensions in M then A has a natural exact structure. However, one can 
always equip A with the trivial exact structure. In this structure, the "exact se- 
quences" (somtimes called conflations) are only the split exact ones. When viewing 
A as an exact category with the trivial exact structure, we denote it by Aq. 

(5.5) Lemma. Assume that A is commutative and noetherian and let M G mod A. 
Set E = End A (M) and assume that E op has finite global dimension. For the ex- 
act Yoneda functor um ■ (add A M) — > mod(addytjVr), see i5.4p . the homomorphisms 
K„(|/m), where n ^ 0, and Rf (i/m) are isomorphisms. 
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Proof. By application of K„ to the commutative diagram, 
(adcUM)o 1 ) proj(£°P) 



mod(add j4 M) ^ > mod(£: o P) , 

it follows that K„(?/m) is an isomorphism if and only if K„(inc) is an isomorphism. 
The latter holds by Quillen's resolution theorem §4 thm. 3], since E° p has finite 
global dimension. A similar argument shows that Kf (j/m) is an isomorphism. This 
time one needs to apply Bass' resolution theorem; see [6J VIII§4 thm. (4.6)]. □ 

Since Ko may be identified with the Grothendieck group functor, cf. (|A.6[) . the 
following result is well-known. In any case, it is straightforward to verify. 

(5.6) Lemma. Assume that mod A is Krull-Schmidt. Let N = N[ n © ■ • • © 
be a finitely generated A-module, where N% , . . . , N s are non- isomorphic indecom- 
posable A-modules and m, ■ . . , n a > 0. The homomorphism of abelian groups, 

ip N :ZNx®---® 1N S — > K ((add j4 A r )o) , 
given by Nj i— ¥ [Nj], is an isomorphism. □ 

6. The Abelian Category y 



By the assumptions in Setup (|2.1[) . the ground ring i? has a dualizing module. 
It follows from Auslander and Buchweitz 2, thm. A] that MCMi? is precovering 
in modi?. Actually, in our case MCMi? equals add#A/ for some finitely generated 
R- module M (a representation generator) , and it is easily seen that every category 
of this form is precovering in mod R. By Observation (|3.2p we have a coherent pair 
(MCM R, proj R), which by (|3.5I) yields a Gabriel localization sequence, 

y = Kerr mod(MCMi?) -A- mod(proji?) . (6.0.1) 

Here r is the restriction functor, y — Kerr, and i is the inclusion. Since an additive 
functor vanishes on proj R if and only if it vanishes on R, one has 

y = {F 6 mod(MCM R) \ F(R) = 0} . 

The following two results about the abelian category y are due to Yoshino. The first 
result is [HJ (13-7.4)]; the second is (proofs of) [2TJ lem. (4.12) and prop. (4.13)]. 

(6.1) Theorem. Every object in the abelian category y has finite length. □ 

(6.2) Theorem. Consider for 1 ^ j ^ t the Auslander-Reiten sequence $2.1.1)) end- 
ing in Mj . The functor Fj , defined by the following exact sequence in mod (MCMi?), 

— ► Hom H (-, r(Mf)) — > Eom R (-, Xj) — > Eom R (-, Mj) — > Fj — > , 

is a simple object in y. Conversely, every simple functor in y is naturally isomorphic 
to Fj for some 1 ^ j ^ t. □ 

(6.3) Proposition. Let i: y — > mod(MCM i?) be the inclusion functor from \6.0.1\) 
and let T : Z* — > Z t+1 be the Auslander-Reiten homomorphism; see Dchnition 
The homomorphisms Ko(i) and T are isomorphic. 
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Proof. We claim that the following diagram of abelian groups is commutative, 
ZMi © ■ • • © ZM t — C -^> ZM © ZMi © • • • © ZM t 

K ((MCMi?) ) 

^ Kq(vm) 

Kq(X) > K (mod(MCM R)) . 



K (i 



The homomorphism is defined by Mj i— >• [iTj] where Fj £ y is described in (|6.2I) . 
From Theorems (|6.1[) and ()6.2j) and the proof of Rosenberg pj)J thm. 3.1.8(1)], it 
follows that if is an isomorphism. The module M is a representation generator for 
MCM R, see (|2.1j) . and -0m is the isomorphism given in Lemma (|5.6|) . Finally, yM 
is the Yoneda functor from Definition (|5.4I) . By Leuschke [131 thm. 6] the ring £? op , 
where E = Endfl(M), has finite global dimension, and thus Lemma (15.51) implies 
that Ko(j/a/) is an isomorphism. 

To prove that the diagram is commutative, note that (Ko(i)cp)(Mj) = [Fj]. Fur- 
thermore one has T(Mj) = yojM + • • • + ytjM t where (yoj, ■ ■ ■ ,ytj) is the j'th col- 
umn in the Auslander-Reiten (t + 1) X t matrix T. By Definition (|2.2p one has 

T(Mj) = r(Mj) + Mj - n 0j M n tj M t , 



where — > r(Mj) — > Xj —> Mj — > is the j'th Auslander-Reiten sequence (|2.1.1[) 
and Xj ^ Mq 0j © • • • © M™ tJ . Thus, the definitions of ip M and K (y M ) yield 

(K (j /m )VmT)(M j ) = [(-, r(M,-)) + (-,Mj) - n 0j (-,M ) ny(-,M t )] 

= [(-,r(M,)) + (~,Mj) ~ (-Xj)] = [Fj] , 

where the last equality is by the exact sequence in Theorem (|6.2[) . In the display 
above, we have used the shorthand notation (— , Z) for Homj;(-, ^)|mcm r- D 

7. Proof of the Main Theorem 

Throughout, we fix the assumptions and the notation in Setup (|2.1[) . We begin 
with a result on the Gersten-Sherman transformation from Appendix |A"1 

(7.1) Lemma. ( c ■ K?(C) -> Ki(C) is an isomorphism for C = mod(MCM R). 
Proof. As £ is a natural transformation, there is a commutative diagram, 

K?(inc) T ,R/ K ?(/m) 



Kf(proj(£; o P)) 



Cproj(E°P) 



K 1 (proj(S°P)) 



Ki(inc) 



->Kf (mod(£; op )) 



Cmod(E°P) 



■*Ki(mod(# P)) 



->Kf(mod(MCMi?)) 



Cmod(MCM i?) 



->Ki(mod(MCMi?)) , 



where fu'- mod(£' op ) — » mod(MCM i?) is the equivalence from Proposition (157 
and inc is the inclusion of proj(£' op ) into mod(i? op ). 

From Leuschke |T3l thm. 6] , the noetherian ring E° p has finite global dimension. 
Hence Bass' and Quillen's resolution theorems, [6] VIII§4 thm. (4.6)] (see also Ro- 
senberg [TBI thm. 3.1.14]) and [HI §4 thm. 3], imply that K^(inc) and Ki(inc) are 
isomorphisms. Since fu is an equivalence, K^(/m) and Ki(/m) are isomorphisms 
as well. Consequently, Cmod(MCM R) is an isomorphism if and only if Cproj(£°p) is an 
isomorphism, and the latter holds by Theorem (|A.7|) . □ 
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We proceed with a result on Bass' Ki-functor. 



(7.2) Remark. Let C be an exact category. As in the paragraph preceding Lem- 
ma (|5.5[) . we denote by Cq the category C equipped with the trivial exact structure. 
Note that the identity functor idc : Co — > C is exact and the induced homomorphism 
Kf (id c ): Kf (C ) -> Kf(C) is surjective, indeed, one has Kf (id c )([C, a}) = [C,a\. 

(7.3) Lemma. Consider the restriction functor r : mod(MCM i?) mod(proji?) and 
identity functor idMCMi?: (MCMi?)o — > MCMi?. The homomorphisms Kf(r) and 
K^(idMCM_fi) are isomorphic, in particular, Kf(r) is surjective by Remark 



Proof. Consider the commutative diagram of exact categories and exact functors, 

(MCMi?) idMCMfl i MCM R 



mod R 

Sr 

mod (MCMi?) — ^— > mod(proji?) , 

where dm is the Yoneda functor from Definition (|5.4p . j is the inclusion, and fu is 
the equivalence from Observation (|5.3[) . We will prove the lemma by arguing that 
the vertical functors induce isomorphisms on the level of Kf . 

The ring E op has finite global dimension by Leuschke [321 thm. 6], and hence 
Lemma (|5.5p gives that that K^(?/m) is an isomorphism. Since fu is an equivalence, 
Kf(fn) is obviously an isomorphism. To argue that Kf(j) is an isomorphism, 
we apply Bass' resolution theorem [161 thm. 3.1.14]. We must check that the 
subcategory MCMi? of modi? satisfies conditions (l)-(3) in loc. cit. Condition (1) 
follows as MCM i? is precovering in mod R. As i? is Cohen-Macaulay, every module 
in mod i? has a resolution of finite length by modules in MCMi?, see [23 prop. (1.4)]; 
thus condition (2) holds. Condition (3) requires that MCM i? is closed under kernels 
of epimorphisms; this is well-known from e.g. |21| prop. (1.3)]. □ 

We will also need the following classical notion. 

(7.4) Definition. Let M be an abelian category, and let M be an object in M. A 
projective cover of M is an epimorphism e: P — » M in A4, where P is projective, 
such that every endomorphism a: P — ^ P satisfying ea = e is an automorphism. 

(7.5) Lemma. Let there be given a commutative diagram, 




P 



in an abelian category A4, where e: P -» M is a projective cover of M. If if is an 
automorphism then a is an automorphism. 

Proof. As P is projective and e is an epimorphism, there exists j3 : P — > P such 
that e/3 — tp~ 1 e. By assumption one has ea = ips. Hence ea/3 = ipe/3 = ipip~ 1 e = e, 
and similarly, e/3a = e. As e is a projective cover, we conclude that a/3 and (3a are 
automorphisms of P, and thus a must be an automorphism. □ 
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The following lemma explains the point of the tilde construction (|2.5|) . 

(7.6) Lemma. Consider the isomorphism T)e°p '■ Kf (E op ) Kf (proj(_E op )) given 
in dA.5|) . For X e MCM R and a G Aut fl (A") consider the element 

£x,c = [Ho mi j(M,X),Hom fl (M,a)] G Kf(prqj(.E op )) . 

Let a he the invertible matrix with entries in E obtained by applying Construction 
i2.5}) to a. Then ?7 £ Jo P (Cx,a) G Kf (i5 op ) is represented by the matrix a T . 



Proof. Write (Af, -) for Hom fl (Af, - ), and let ip : X © Y Af q be as in Construc- 
tion (|2.5p . The i?- module isomorphism ?/> induces an isomorphism of L op -modules, 

(Af, X) © (Af, F) = (M, X © y) (A ^° ) (Af, M«) = L" . 

Consider the automorphism of the free i? op -module E q given by 

(Af, ^) ((Af, a) © l (M>y) ) (Af, ^r 1 = (Af, V(a © = (M, 5) . 

We view elements in the i?-modulc Af 9 as columns and elements in E q as rows. The 
isomorphism E q = (Af, M q ) identifies a row vector f3 — (J3i, . . . , f3 q ) G E q with the 
i?-linear map /3 T : Af — > Af 9 whose coordinate functions are j3\, . . . , (3 q . The coor- 
dinate functions of (Af, a)(/3 T ) — ao /3 T are the entries in the column a/3 T , where 
the matrix product used is M qxq (E) x M 9X i(i?) — )• M 9X i(L). Thus, the action of 
(Af, a) on a row (3 € E q is the row (5/3 T ) T e£'. In view of Remark (|4.6[) one has 
(«5/3 T ) T = /3-5 T , where "•" is the product M lxq (E°P) x M gxg (£ op ) — ► M lxg (£ op ). 
Consequently, over the ring L op , the automorphism (Af, a) of the L op -module E q 
acts on row vectors by multiplication with a T from the right. The desired conclu- 
sion now follows from (|A.5[) . □ 

(7.7) Observation. For any commutative noetherian local ring R, there is an iso- 
morphism pn : R* K^(proj R) given by the composite of 

R*^K?(R)^Kf(proiR). 

The first map is described in (14.2[) ; it is an isomorphism by Srinivas [TBI exa. (1.6)]. 
The second isomorphism is discussed in (|A.5[) . Thus, pn maps r G R* to [R, rla}. 

Proof of Theorem (2.11)) . The Gabriel localization sequence (16.0. 1[) induces by (13.5[) 
a long exact sequence of Quillen K-groups, 

> Ki(y) ^ Ki(mod(MCM fl)) ^4 Ki(mod(proj R)) > K (y) ^ • • • 

By Proposition (|6 . 3[) . we may identify Ko(i) with the Auslander-Reiten homomor- 
phism, which is assumed to be injective. Therefore, the bottom row in the following 
commutative diagram of abelian groups is exact, 



Kf (y) — Kf (mod(MCM iJ)) — Kf (mod(proj ft)) > 



Cy 



Ki(t) 



Cmod(MCM R) 



KiW 



Cmod(p 



(7.7.1) 



Ki(y) Ki(mod(MCM i?)) — > Ki(mod(proj R)) > 0. 
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The vertical homomorphisms are given by the Gersten-Sherman transformation; 
see Appendix [A] It follows from Theorems (|6.1|) and (|6.2|) that y is a length cat- 
egory with only finitely many simple objects; thus £y is an isomorphism by Theo- 
rem (|A.8|) . And Cmod(MCM r) is an isomorphism by Lemma (|7.1[) . As ri — it follows 
that Kf (r)Kf (i) = 0, and a diagram chase now shows that ImK^i) = KerKf (r). 
Furthermore Kf (r) is surjective by Lemma (|7.3[) . so the top row in (|7.7.1j) is exact 
as well. The Five Lemma now implies that Cmod(proj r) is an isomorphism. Since the 
category mod(projP) is equivalent to modi?, see Observation (|5.3j) . it follows that 
Cmodfi is an isomorphism as well. Thus, Quillen's K-group Ki(modP), which we 
wish to compute, can naturally be identified with Bass' K-group Kf (mod R). 

By the relations that define Kf(modP), sec (|A.3|) . there is a homomorphism 
7To : Autfl(M) — > Kf (mod R) given byaH [M, a]. Since Kf (mod R) is abelian, ttq 
induces a homomorphism tt: Aut^(M) a b — > Kf (mod R). We claim that tt fits into 
the following commutative diagram, 

Autii(M) ab > Kf (mod R) 

= Kf(f R ) (7.7.2) 

Kf (mod(MCM R)) Kl (r) i Kf (mod(proj R)) . 

Here the isomorphism a is defined as the composite of the following isomorphisms, 

Aut fl (M) ab = P a * b = (E°*)l b ^ > Kf (P° p ) 



-4 Kf(pr 0J (P° p )) 



K?0) 



K?(/m) 



-4 Kf(mod(P op )) 
-> Kf (mod(MCMP)) 



The ring E, and hence also its opposite ring E op , is semilocal by Lemma (|4.1I) 
By assumption, P is a fc-algebra, and hence so is E op . Thus, in view of Remark I 
and the assumption char(fc) ^ 2, we get the isomorphism 9e°p from Theorem 
It maps a £ Aut fl (M) ab to the image of the lxl matrix (a) G GL(P op ) in Kf (P op ). 

The isomorphism i]e°p is described in (|A.5[) ; it maps £ G GL„(P op ) to the class 
[(P £ )",£] GKf(proj(P op )). 

The third homomorphism in the display above is induced by the inclusion functor 
j: proj(P op ) -> mod(P op ). By Leuschke [Ml thm. 6] the noetherian ring E op has 
finite global dimension and hence Bass' resolution theorem (6[ VIII§4 thm. (4.6)] 
(see also Rosenberg thm. 3.1.14]) implies that Kf (j) is an isomorphism. It maps 
an element [P, a] G Kf (proj(P op )) to [P, a] G Kf (mod(P op )). 

The fourth and last isomorphism Kf (/m) in the display is induced by the equiv- 
alence f M - mod(P op ) -> mod(MCMP) from Proposition (pT2j) . 

We summarize: The isomorphism a: Aut^(M) a b —> Kf (mod(MCM R)) maps an 
element a G Autn(M) a b to the class 

[E E ® e Hom fi (-, M)\mcmr, (a-) ®EHom R (-,M)\ M cMR] , 

which is evidently the same as the class 

[Hom fi (-,M)| M CMfl, Hom fi (-,a)| M CMfi] • 
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It is now straightforward to see that the diagram (|7.7.2[) is commutative, indeed, 
Kf(r)a and K^(/^)7r both map a £ Aut_R(M) a b to the class 

Hom fl (-,M)| proj r , Horn/? ( — , a) | pro j r\ ■ 

Since Kf(r) is surjective, so is ir. Exactness of the top row in (|7.7.1j) and commuta- 
tivity of (|7.7.2[) show that Kcr ir = a^ 1 (ImKf (i)). Thus, if we can show the equality 

*- 1 QmK?(i))=E, (7.7.3) 

then it follows that ir: Aut#(M) a b -» Kf (modi?) induces an isomorphism, 

5r: Aut fl (M) ab /5 A K? (mod R) , 

which proves the first assertion in Theorem (|2 . 1 1 1) . We will shortly prove the equal- 
ity (|7.7.3|) . however, first we explain how the theorem's last assertion follows. 

Note that the Gersten-Sherman transformation identifies the homomorphisms 
Ki(inc) and K^(inc); indeed Cproji? is an isomorphism by Theorem (|A.7|) and it 
is proved above that Cmodi? is an isomorphism as well. Thus, we must show that 
K^(inc) can be identified with the homomorphism A: R* — > Autfl(M) a b/S given 
by r n> rl R 1m'- To this end, consider the isomorphism p R : R* — > K^(proji?) 
from Observation (|7.7|) given by r i— > [iZ, rl^]. The fact that K^(inc) and A arc 
isomorphic maps now follows the diagram, 

R* - > Aut fl (M) ab /H 

PR Si *i jf 

„ Kf(inc) _ ^ 

K?(proj R) — — — -> K?(mod R) , 

which is commutative. Indeed, for r £ R* one has 

(7?A)(r) = [M,rl R ®l w ] = [R,rl R ] + [M',1 M ,] = [R,rl R ] = (K?(inc)p«)(r) , 

where the penultimate equality is by (|A.4[) . 

It remains to prove the equality (I7.7.3|) . By Theorems (|6.1|) and (|6.2|) every 
element in the y has finite length and the simple objects in y are (up to isomor- 
phism) exactly the functors F\, . . . , F t . Thus, by (the proof of) [HI thm. 3.1.8(2)], 
the abelian group Kf(y) is generated by elements [Fj, <p], where j = 1, . . . ,t and ip 
is an automorphism of Fj. It follows that: 

- The subgroup ImKf (i) of Kf (mod(MCM R)) is generated by [Fj, <p], where 
j ranges over {1, . . . , t} and ip over all automorphisms of Fj. 
By definition of a, one has 

a- 1 =det Eo ,f lE 1 op Kf(j)- 1 Kf(f M )- 1 , 

where det#°p = 8 E l p is the generalized determinant, see Definition (|4.5[) . We set 

5 1 = K?(/ M )- 1 (ImK?(i)), 

5 2 = K?( 3 )- 1 (Si) J 
E 3 = i] E l p (E 2 ) , and 
E 4 = det_Bop(S 3 ) . 

With this notation, E 4 = cr _1 (Im Kf(i)). Thus, proving (|7.7.3|) amounts to showing 
that E4 — E, which is done below. 
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As eM is a quasi- inverse of /m, see Proposition (|5.2|) . Kf (fu) 1 = (ejif)- For 
a generator of ImK^(z) one has K^(eM)([-Fj, = [FjM,tpM], and thus: 

- The subgroup Sx of Kf(mod(E op )) is generated by elements [FjM,p M ], 
where j ranges over {1, . . . , t} and tp over all automorphisms of Fj. 

Recall the choice made in Construction p.8[) . that is, for every j 6 {1, . . . ,t} and 
a e Autij(Mj) one has chosen /3j. Q £ Aut^X,) and 7j jQ £ Aut^ (r(Mj)) such that 
the diagram (|2.8.ip is commutative. Consider for each j and a the element 

&, a - [Hom fi (M,M J ),Hom i? (M,a)] - [Hom fl (M, X,-), Hom fl (M, Q ) ] 

+ [Hom fl (M, T(Mj)), Rom R (M, lha ) ] 

in Kf (proj(^ op )). We shall prove that: 

- The subgroup S 2 of Kf (proj(_E op )) is generated by the elements £j. Q , where 
j ranges over {1, . . . , t} and a over all automorphisms of Mj. 

To this end, note that the proof of Bass' resolution theorem, see e.g. [16j thm. 3.1.14], 
gives a recipe for computing Kf(j)^ 1 of an element [Z, 4>] S Kf (mod(E op )) . In the 
loop category f7(mod(i? op )), see (|A.2|) . one takes any bounded and augmented pro- 
jective resolution of (Z, ip), that is, a commutative diagram with exact rows, 




> P n — =-> Pi — ^ P ■ 

where ipi is an automorphism of Pi € proj(P op ). Now one has 

Kfb)-H[Z,1>]) = £ILo(-im^] e K?(proj(^°P)) . 

Now, recall from Theorem (|6.2p that there is an exact sequence in mod(MCM R), 

— > Uom R (-, r(Mj)) — > Hom fl (-, Xj) — > Hom fl (-, Mj) — Y Fj — V . 

Thus, the commutative diagram (|2 .8. 1[) in MCM R induces a commutative diagram 
in mod (MCM R) with exact row(s), 



0- 



-4 Hom fl (- r(M i )) > Hom fl (- Xj) > Hom fl (-, M s ) > Fj 



->0 



Hom J? (-,7 j _ Q ) 



Hom H (-,/3 



Homji(-.Q) 



4 I f 



0- 



-^0 



-4 Hom fl (-, r(Mj)) > Hom fl (-, Xj) > Eom R (-, Mj) > Fj 

where tp is the uniquely determined natural endotransformation of Fj that makes 
this diagram commutative. Note that tp is an automorphism by the Five Lemma, 
and thus [FjM, <pm\ belongs to Si. Evaluating the diagram above at M = r,eM , 
we get a projective resolution of [FjM,tpM] in £l(rr\od(E° p )), an d hence 

KfO)- 1 ([F i M,^ M ]) = ^>- (7-7.4) 
This proves that every £j j0 , belongs to S 2 . 

To prove that the elements £j. a generate S 2 = K^(j) _1 (Si), it suffices to argue 
that for every generator [FjM, pm] of Sx, where j is in {1, . . . ,t} and tp is an auto- 
morphism of Fj , there exists some a in Ant R (Mj) such that (|7T4|) holds. Since the 
category MCM R is a Krull-Schmidt variety in the sense of Auslander p] II, §2], it 
follows by [TJ II, prop. 2.1(b,c)] and [1, I, prop. 4.7] that Uom R (-, Mj) -> Fj -> 
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is a projective cover in mod(MCM R) in the sense of Definition (|7.4jl . In particular, 
ip lifts to a natural transformation ip of Hom/?(— , Mj), which must be an automor- 
phism by Lemma (|7.5p . Thus we have a commutative diagram in mod(MCM R), 

Hom R (-, Mj) »Fj 

l 

i/> i s 
4- 

Hom fi (-, Mj) » F 3 . 

Since the Yoneda functor y M ■ MCMi?^ mod(MCM i?) is fully faithful, see [2TJ 
lem. (4.3)], there exists a unique automorphism a of Mj such that ip = Hom^(— , a). 
For this particular a, the arguments given above show that (|7.7.4j) holds. 

Having described the generators £j lQ of S 2 , we turn to the group S 3 . Clearly, S 3 
is generated by the elements ?7e°p (£?',«)• By tne definition of £j ]Q! , by Lemma (|7.6I) . 
and from the fact that t?^o P is a group homomorphism, it follows that 

VeU^c) = a T {fil a r^l a G K° (£ op ) . 

As S3 is generated by these elements, it is immediate from the definition of H4, and 
from the fact that dets°p is a homomorphism, that S4 is generated by the elements 

(det_Eo P a T )(detBop /3j ct )- 1 (det£;op 7j Q ) = (dets <S)(det_E /3 :)iQ )^ 1 (det_E jj, a ) , 

where the equality is by Lemma (14.7p . Since these are exactly the generators of the 
group S, see Definition (|2.9[) , it follows that one has S 4 = S, as desired. □ 

8. Abelianization of Automorphism Groups 

To apply Theorem (|2.11[) , one must compute Autfl(M) a b, i.e. the abelianization 
of the automorphism group of the representation generator M. In Proposition (|8.6p 
we compute Aut_R(M) a b for the R- module M = R® m, which is a representation 
generator for MCM R if m happens to be the only non-free indecomposable maximal 
Cohen-Macaulay module over R. Rings for which this is the case will be studied 
in Section [S] Throughout this section, A denotes any ring. 

(8.1) Definition. Let Ni,...,N s be A-modules, and set N = Ni © • • • © N s . We 
view elements in N as column vectors. 

For ip G Aut A(Ni) we denote by di(tp) the automorphism of N which has as its 
diagonal ljvi ATi-n f, 1 N i+1 > • • • j 1at s and in all other entries. 

For i ^ j and fi G Hom^Aj, Ni) we denote by eij(jx) the automorphism of N 
with diagonal Ijvd • • • , 1jv s5 an d whose only non-trivial off-diagonal entry is [i in 
position (i,j). 

(8.2) Lemma. LetN x ,...,N s be A-modules and set N = Ni © • • • © N s . If 2 G A 
is a unit, if i ^ j, and if fi G Hom^ (Nj , Ni ) then eij (fi) is a commutator in Aut a ( A) . 

Proof. The commutator of ip and ip in AutA(N) is [y>, ip] — ipip(p ip . It is easily 
verified that ey(/x) = [e# 1jv>)] if « 7^ □ 

The idea in the proof above is certainly not new. It appears, for example, already 
in Litoff [HI proof of thm. 2] in the case s = 2. 

(8.3) Lemma. Let X and Y be non-isomorphic A-modules with local endomor- 
phism rings. Let ip, ip G Endyi(X) and assume that ip factors through Y . Then one 
has ip Aut a (A). Futhermore, ip G Aut a (A) if and only if ip + ip G Aut^(A). 
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Proof. Write ip = ip"ip' with ip' : X — > Y and ip" ; Y — > X. If ip is an automorphism, 
then ip" is a split epimorphism and hence an isomorphism as Y is indecomposable. 
This contradicts the assumption that X and Y are not isomorphic. The second 
assertion now follows as Aut^(X) is the set of units in the local ring End^A). □ 

(8.4) Proposition. Let N\, . . . ,N S be pairwise non-isomorphic A-modules with 
local endomorphism rings. An endomorphism 

a = (aij) G End^Ni ffi • • • ® N B ) with a i3 G HomA^, N t ) 

is an automorphism if and only if an, 022 , • • ■ , ct ss are automorphisms. 

Furthermore, every a in Aut a(N) can be written as a product of automorphisms 
of the form ck(-) and &y(-), cf. Definition A8.1\) . 



' OLll 


N 


, 





IaTi 


N 


v 





Proof. "Only if" : Assume that a = (aij) is an automorphism with inverse /3 = 
and let z — 1, . . . , s be given. In the local ring End^A^) one has 1jv ( = X)j=i a ijPjiy 
and hence one of the terms Olefin must be an automorphism. As 0^/3^ is not an 
automorphism for j ^ i, see Lemma (|8.3[) . it follows that auf3n is an automorphism. 
Similarly, Puota is an automorphism, and thus an and Pa are both automorphisms. 

"If": By induction on s > 1. The assertion is trivial for s = 1. Now let s > 1. 
Assume that an, a22, ■ • ■ , a ss are automorphisms. Recall the notation from (|8.1|) . 
By composing a with e s \{— a s \a^) • • ■ e^i(— «3iO! n 1 )e2i(— a 2 ia^) from the left 
and with exi{— a^i a\2)e\z(— a u (213) • • • ei s (— a u ai s ) from the right, one gets an 
endomorphism of the form 

di(au) 

where /3 G EndA(^2 ffi • • • ffi N s ) is an (s — 1) x (s — 1) matrix with diagonal entries 
given by ctjj — aj±a^ a\j for j — 2, . . . , s. By applying Lemma (|8.3[) to the situa- 
tion ip = Ojj — aj\a^a\j and V> = a ji a ii a ii> it follows that the diagonal entries in 
/3 are all automorphisms. By the induction hypothesis, /3 is now an automorphism 
and can be written as a product of automorphisms of the form di(-) and ejj(-). 
Consequently, the same is true for a', and hence also for a. □ 

(8.5) Corollary. Assume that 2 G A is a unit and let N%, . . . , N s be pairwise non- 
isomorphic A-modules with local endomorphism rings. The homomorphism, 

A: AuU(Ai) x • • • x Aut A (N s ) — > Aut A (iVi © • • • © N s ) , 

given by A(<pi, ■ ■ ■ , <£> s ) = ^i(vi) ■ ■ • d s (tp s ), induces a surjective homomorphism, 

A ab : AutA(A^i)ab © • • • © Aut A (A s ) ab — > Aut A (iV x © • • • © A s ) ab . 

Proof. By Proposition (I8.4p every element in Aut^(Ai © • • ■ © N s ) is a product of 
automorphisms of the form di(-) and ey(-). As 2 G A is a unit, Lemma (18.21) yields 
that every element of the form ejj(-) is a commutator; thus in Aut^(iVi©- ■ -ffiiV s )ab 
every element is a product of elements of the form di(-), so A ab is surjective. □ 

(8.6) Proposition. Let (R,m,k) be any commutative local ring such that 2 G R 
is a unit. Assume that m is not isomorphic to R and that the endomorphism ring 
End/f(m) is commutative and local. There is an isomorphism of abelian groups, 

6 : Aut R (R ffi m) ab k* © Aut H (m) , 
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given by 



an a 2 2 

OL21 0122 



([an(l)]m,Q!llQ!22 ~ a 2i ai 2 ) 



Proof. First note that the image of any homomorphism a : m — > R is contained in m. 
Indeed if Im a m, then u — a(a) is a unit for some a G m, and thus a{u~ l a) = 1. 
It follows that a is surjective, and hence a split epimorphism as R is free. Since m 
is indecomposable, a must be an isomorphism, which is a contradiction. 
Therefore, given an endomorphism, 

an ai 2 \ g Endfl (^ 0m ) _ /^Hom fl (i?,i?) Honiara, i?) 



v a 2 i Q!22/ \Honifl(i?, m) Honiara, m) 

we may by (co)restriction view the entries ay as elements in the endomorphism 
ring Endij(m). As this ring is assumed to be commutative, the determinant map 

End_R(i? © m) — > End fl (m) given by (ay) i — > ana 22 - a 2 ia i2 

preserves multiplication. If (ay) G Autft(i?©m), then Proposition (|8.4j) implies 
that an € Autn(i?) and a 22 G Auti?(m), and thus ana 22 G Autfi(m). By applying 
Lemma (|8.3[) to y> = ana 22 — a 2 iai 2 and "0 = a 2 iai 2 we get y € Autfl(m), and 
hence the determinant map is a group homomorphism Aut R (R © m) — > Autfl(m). 

The map Autn(R © m) — > A;* defined by (ay) [an(l)] m is also a group homo- 
morphism. Indeed, entry (1, 1) in the product (ay)(/3y) is an/3n + ai 2l 3 2 i. Here 
ai2 is a homomorphism m — > i?, and hence ai 2 /3 2 i(l) £ m by the arguments in the 
beginning of the proof. Consequently one has 

[(aii/3n + ai 2 /3 2 i)(l)] m = [(anAi)(l)]m = [a u (l)/3 u (l)] m = [an(l)] w [/9 u (l)] m . 

These arguments and the fact that the groups k* and Autfl(m) are abelian show 
that the map S described in the proposition is a well-defined group homomorphism. 
Evidently, <5 is surjective; indeed, for [r] m G k* and ip G Autfl(m) one has 

r rl R 



r (p 



(Mm,^) 



To show that <5 is injective, assume that a G Autfl(i?©m) a b with 6(a) — ([l] m , l m ). 
By Corollary (|8.5p we can assume that a = (ay) is a diagonal matrix. We write 
an = tIr for some unit r G i?. Since one has (5(a) = ([?"] m , ra 22 ) we conclude that 
r G 1 + m and a 22 = r _1 l m , that is, a has the form 

'rl R 



r~ l l 



with r G 1 + m 



Thus, proving injectivity of <5 amounts to showing that every automorphism a of the 
form above belongs to the commutator subgroup of Autn(R®m). As r — 1 G m the 
map (r — l)ln gives a homomorphism R — > m. Since r(r~ l — 1) = 1 — rGm and 
r ^ m, it follows that r^ 1 — 1 G m. Thus (r _1 — 1)1^ gives another homomorphism 
R — >■ m. If t : m ^ i? denotes the inclusion, then one ha£] 

rlfl \ ( 1 R Ul fl i \( 1 R OUlfl -r- 

r- l l m ) ^(r^-^lR l m ) \ l m/ /^(r-l)l fl 1„J ^ l m 

The right-hand of this equality is a product of matrices of the form ey (•), and since 
2 G i? is a unit the desired conclusion now follows from Lemma (18.21). □ 



1 The identity comes from the standard proof of Whitehead's lemma; see e.g. 1181 lem. (1.4)]. 
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9. Examples 

(9.1) Example. If R is regular, then there are isomorphisms, 

Ki(modi?) = Ki (proj.fi) £S Kf(fi) = R* . 

The first isomorphism is by Quillen's resolution theorem [T51 §4 thm. 3] , the second 
one is mentioned in (|A.6[) . and the third one is well-known; see e.g. [TH1 exa. (1-6)]. 
Theorem (I2.11[) confirms this result, indeed, as M — R is a representation generator 
for MCM R = proj R one has Aut#(M) a b = R*. As there are no Auslander-Reiten 
sequences in this case, the subgroup 5 is generated by the empty set, so 5 = 0. 

We now illustrate how Theorem (|2.11|) applies to compute Ki (mod R) for the ring 
R = k[X]/ (X 2 ). The answer is well-known to be k*, indeed, for any commutative 
artinian local ring R with residue field k one has Ki(mod R) = k* by [151 §5 cor - !]• 

(9.2) Example. Let R = k[X]/(X 2 ) be the ring of dual numbers over a field k with 
char(fc) ^ 2. Denote by inc: proj R — > mod R the inclusion functor. The homomor- 
phism Ki(inc) may be identihed with the map, 

/i : R* — > k* given by a + bX i — > a 2 . 

Proof. It is well-known that the maximal ideal m = (X) is the only non-free inde- 
composable Cohen-Macaulay fi-module, so fiffim is a representation generator for 
MCM R. There is an isomorphism k — > Endi?(m) of fi-algebras given by a i — y ctlm: 
in particular, End^(m) is commutative. Via this isomorphism, k* corresponds to 
Aut/j(m). The Auslander-Reiten sequence ending in m is 

— > m fi m — > , 

where i is the inclusion. The Auslander-Reiten homomorphism T = (~ 1 ) : 7L — > Z 2 
is injective, so Theorem (|2.11|) can be applied. Note that for every al m £ Aut^(m), 
where a £ k*, there is a commutative diagram, 

> m — - — > R — — > m > 

Si al 

> m — - — > R — ^— > m > . 

Applying the tilde construction (|2.5[) to the automorphisms al m and ciIr one gets 

^ m= ( 1 Q ol m ) ^ ^ R= \0 i ll) ; 
see Example (|2.6|) . In view of Definition (|2.9I) and Remark (|2.10l) . the subgroup S 
of Autn(R © m) a b is therefore generated by all elements of the form 

£ a := (al m )(al fl ) _1 (al m ) = ^ R ^ J where a £ k* . 

Denote by lo the composite of the isomorphisms, 

Aut fl (fi © m)ab — 1-> k* © Autij(m) — k* © k* , 

where S is the isomorphism from Proposition (18.6[) . As oj(£, a ) — (o> > a ) we get that 
w(S) = {(a -1 , a) \ a £ k*} and thus lo induces the first group isomorphism below, 

Aut fl (i? © m) ab /S — ^ (k* © fc*)/w(3) — £-> k* ; 
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the second isomorphism is induced by the surjective homomorphism k* © k* — > k* , 
given by (b, a) i— > ba, whose kernel is exactly In view of Theorem (|2.11j) and 

the isomorphisms w and \ above, it follows that Ki(mod R) = k*. 

Theorem (|2.11| asserts that Ki(inc) may be identified with the homomorphism 

A: R* — !• Aut fl (i? © m) ab /S given by r 

It remains to note that the isomorphism x w identifies A with the homomorphism /i 
described in the example, indeed, one has x w ^ = M- 

Example (|9.2|) shows that for R = k[X]/(X 2 ) the canonical homomorphism, 

Ki(inc) 

R* = Ki(proji?) — ->Ki(modi?) = k* 

is not an isomorphism. It turns out that if k is algebraically closed with character- 
istic zero, then there exists a non-canonical isomorphism between R* and k*. 

(9.3) Proposition. Let R = k[X]/(X 2 ) where k is an algebraically closed field with 
characteristic p 0. The following assertions hold. 

(a) lfp>0, then the groups R* and k* are not isomorphic. 

(b) lfp = 0, then there exists a (non-canonical) group isomorphism R* = k*. 

Proof. There is a group isomorphism R* — » k* © k + given by a + bX t— > (a, &/a), 
where k + denotes the underlying abelian group of the field k. 

"(a)": Let ip — (ipi,ip 2 ). k* — ► k* © k + be any group homomorphism. As k is 
algebraically closed, every element in x G k* has the form x = y p for some y G k*. 
Therefore <p(x) = <p(y p ) = <p(y) p = {(fi{y), ^ 2 (y)) p = (fi(y) p ,mfe)) = (<Pi(x),Q), 
which shows that ip is not surjective. 

"(b)" : Since p = the abelian group k + is divisible and torsion free. Therefore 
k + = (Q)( 7 ) for some index set /. There exist algebraic field extensions of Q of any 
finite degree, and these are all contained in the algebraically closed field k. Thus 
\I\ = diniQ k must be infinite, and it follows that |/| = |fc|. 

The abelian group k* is also divisible, but it has torsion. Write k* = T®(k*/T), 
where T — {x G k* | 3 n S N: x n — 1} is the torsion subgroup of k* . For the divisible 
torsion free abelian group k*/T one has k* /T = for some index set J. It is 
not hard to see that \ J\ must be infinite, and hence \ J\ = \k* /T\. As \T\ = Ho it 
follows that |fc| = |fc*| = H + |J| = | J|. 

Since \ J\ = \k\ = \I\ one gets fc* = T © Q( J ) ^ T © © ^ k* © k+. □ 

The artinian ring R = k[X]/ (X 2 ) from Example (|9.2I) has length 1 = 2 and this 
power is also involved in the description of the homomorphism /i = Ki(inc). The 
next result, which might be well-known to experts, shows that this is no coincidence. 

(9.4) Proposition. Let (R, m, k) be a commutative artinian local ring of length i. 
The group homomorphism R* = Ki(proj R) — > Ki(mod R) = k* induced by the in- 
clusion inc: proj R — > mod R is the composition of the homomorphisms, 

R* k* — -— > k* , 




where 7r: R-» R/m = k is the canonical quotient map and (•) is the Vth power. 
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Proof. By Theorem (IA.7j) the Gersten-Sherman transformation £ pro j r is an isomor- 
phism. Since mod R is a length category with only one simple object, namely fc, 
Theorem (|A.8|) shows that £ mo d _r is an isomorphism as well. Hence, to prove the 
proposition we may work with Bass' Ki-group instead of Quillen's. 

Denote by (mod R) ss the abelian category of semisimple objects in mod R, which 
may be identified with proj k. By Bass' devissage theorem [6j VHI§3 thm. (3.4)], 
the inclusion j: (modi?) ss <-}■ modi? induces an isomorphism Kf(j). Denote by /i 
the composition of the isomorphisms, 

Kf(mod R) K?((mod R) ss ) = K? (proj k)) — K f (k) k* ; 

here i]k is dehned in (IA.5I) . and det is the usual determinant map. 

To compute K^(j) -1 of an element [M, a] € K^(mod R) one takes any filtration 
= M C Mi C • • • C M n = M such that Mj/Mj_i € (mod R) ss and a(M t ) C M, 
for all i (e.g. a socle filtration). Now a induces an automorphism a,; of each com- 
position factor Mi/Mi-i and one has 

K¥( 3 )-i([M,a\) = Eti^/Mi-La;] G Kf((modR) ss ) . 

To prove the proposition, we argue that the following diagram is commutative, 

R* — > k* — > k* 



PR 



K?(inc) 

Kf (proj R) — — -» Kf (mod R) ; 

here pr is the isomorphism from (|7.7|) . For r G R* one has K^(inc)pfl(r) = [i?, t1r\. 
Take a composition series = do C ai C • • • C ae = R. The automorphism a = tIr 
of R induces the automorphism on = 7r(r)lfc on each composition factor Oi/Oi—i = k, 
and therefore Kf(J)- 1 ([R,rl Il ]) =£■ [k,ir(r)l k ] = [k,ir(r) e l k ]. It follows that one 
has fi([R, rlfl]) = 7r(r) f , as desired. □ 

Our next example is a non-artinian ring, namely the simple curve singularity of 
type (^2) studied by Yoshino in [21, prop. (5.11)]. 

(9.5) Example. Let R = /s[[T 2 ,T 3 ] where k is an algebraically closed field with 
char(k) ^ 2. Denote by inc: proj R — > mod R the inclusion functor. The homomor- 
phism Ki(inc) may be identified with the inclusion map, 

li: R* = fc[T 2 ,T 3 ]* <->• fcpl* . 

Proof. By Yoshino [HJ prop. (5.11)] the maximal ideal m = (T 2 ,T 3 ) is the only 
non-free indecomposable Cohen-Macaulay R-module, so R © m is a representation 
generator for MCM R. It is not hard to see that with 

/ T 3 T 4 

one has the following augmented minimal free resolution of m, 

9 D 2 9 D 2 9 d2 (t 2 t 3 ) (9 5 1) 

■ ■ ■ > R* > R z > R A > m > . yy.o.Lj 



/i 
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Even though T is not an element in the ring R = fc|T 2 , T 3 J, multiplication by T is 
a well-defined endomorphism of m. Thus there is a ring homomorphism, 



Endjj(m) given by 



h 



hl r 



We claim that \ is an isomorphism. To show that \ is surjective, let a £ Endij(m) 
be given. As one has T 2 a(T 3 ) —T 3 a(T 2 ) = 0, i.e. (a(T 3 ) -a(T 2 ))* <= Ker(T 2 T 3 ), 
exactness of (19.5.11) yields elements f,g £ R with 



fT 3 + gT 4 \ 
/T 2 -. 9 T 3 j 



(f + gT)T 3 \ 
-(f + gT)T 2 J 



(9.5.2) 



and hence a = (/ + gT)l m . To show injectivity of \, assume that h £ fcpl satisfies 
hl m = 0. Write h = f + gT for some f,g £ R; for example, if ft, = X) n >o h n T n then 
f = h— h±T and g = /ii is an option. The computation in (|9.5.2[) shows that (/ g) 1 
belongs to Ker9. By exactness of (|9.5.1[) this means that (/ gf £ Imd, and hence 
there exist u,v £ R such that 



= d 



uT 3 + vT 4 
-uT 2 - vT 3 



Consequently, h = f + gT = {uT 3 + vT 4 ) - (uT 2 + vT 3 )T 
We note that \ induces a group isomorphism \ : k\T\* - 
The Auslander-Reiten sequence ending in m is 



0- 



-> m ■ 



-T)* (T 2 T) 

> Jiffii > m ■ 



0. 

Aut R (m). 
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We regard elements in R © m as column vectors. Let a = hl m £ Autfl(m), where 
h £ kfTj*, be given. Write h = f + gT for some / £ R* and g £ R. It is straight- 
forward to verify that there is a commutative diagram, 



0- 



-> m ■ 



(1 -Tf 



7 = (/-ffT)l„ 



-> m ■ 



(1 -Tf 



as p = 
-> R® m- 



(T T) 



^0 



( f 9 

{gT 2 f 



(T T) 



-> m 

= U+gT)x m 
-> m > 



Note that really is an automorphism; indeed, its inverse is given by 

= (/ ~9 T ) [ gT 2 j 
We now apply the tilde construction (|2.5I) to a, 0, and 7; by Example (|2.6|) we get: 

= 13, and 7 



a 



1 

f + gT 



1 

/-.gT 



In view of Definition (j2~9|) and Remark ([230]) . the sub group £i of Autjj(i? © nr) a b 
is therefore generated by all the elements 

/ -g(f-gT)\ 
9 T 2 (f + gT) f(f 2 - g 2 T 2 ) ■ 



4 := a/T 1 ^ =(/ 2 -5 2 T 2 )- 1 
Denote by w the composite of the isomorphisms 

Aut fl (i? © m) ab 



£ — > fc* © Aut fl (m) 1 > fc* © fc[T]* 
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where 6 is the isomorphism from Proposition (|8.6p . Note that 6(£h) = ([/]m, 1m) = 
(h(0), l m ) and hence u>(£/,) = (h(0), 1). It follows that w(3) = fc* © {1} and thus u) 
induces a group isomorphism, 

vo: Aut fl (i?©m) ab /S A (fc* © fc[2T)/w(S) = fc[Tf . 

In view of this isomorphism, Theorem (|2.11[) shows that Ki(mod R) = fe[T]*. The- 
orem (|2.11[) also asserts that Ki(inc) may be identified with the homomorphism 



A: R* — > Aut R (R © m) ab /S given by / i 



1„ 



It remains to note that the isomorphism w identifies A with the inclusion map (i 
described in the example, indeed, one has zuX = fi. □ 

(9.6) Remark. It is also possible to compute Ki(mod R) for the ring R — fc|T 2 , T 3 ] 
without using Theorem (|2~TT]) . Indeed, one has R[T] = R{Tj = fc[T] and hence 

Ki(mod R) = Ki(mod R[T}) = Ki(modfcpl) = fe[Tf . 

Here the first isomorphism is by [TSJ §6 thm. 8(i)] (a celebrated result in G-theory) 
and the last one follows as fcjT] is regular; cf. Example (|9.ip . 

Appendix A. The Gersten-Sherman Transformation 
In the following, the Grothendieck group functor is denoted by G. 

(A.l) Let A be a unital ring. 

The classical Ko-group of A is defined as Kq(A) = G(projA), that is, the Gro- 
thendieck group of the category of finitely generated projective A-modules. 

The classical K^-group oi A is defined as Kf(A) = GL(A) a b, that is, the abelian- 
ization of the infinite (or stable) general linear group; see e.g. Bass [6j chap. V]. 

(A. 2) Let C be any category. Its loop category flC is the category whose objects are 
pairs (C, a) with C £ C and a £ Aute(C). A morphism (C, a) — > (C, a 1 ) in VlC is 
a commutative diagram in C, 




(A. 3) Let C be a skeletally small exact category. Its loop category f2C is also 
skeletally small, and it inherits a natural exact structure from C. Bass' Ki-group 
(also called Bass' universal determinant group) of C, which we denote by K^(C), is 
the Grothendieck group of f2C, that is G(f2C), modulo the subgroup generated by 
all elements of the form 

{C,a) + (C,a)-{C,aP) , 

where C £ C and a,j3 £ Autc(C); see the book of Bass [B, chap. VIII§1] or Rosen- 
berg [ini def. 3.1.6]. For (C, a) in SIC we denote by [C, a] its image in Kf(C). 

(A.4) For every C in C one has [C, l c ] + [C, l c ] = [C, l C lc] = [C, 1 C ] in Kf(C). 
Consequently, [C, lc] is the neutral element in Kf(C). 
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(A. 5) For a unital ring A there is by |16[ thm. 3.1.7] a natural isomorphism, 

n A : K°(A) ^Kf(projA) . 

The isomorphism t\a maps £ G GL n (A), to the class [.A n ,£] G K^(projA). Here 
£ is viewed as an automorphism of the row space A n (a free left A- module) , that 
is, £ acts by multiplication from the right. 

The inverse map rf^ acts as follows. Let [P, a] be in K^(proj A). Choose any Q 
in proj A and any isomorphism if>: P © Q — > A n with n G N. In (proj A) one has 

[P, a] = [P, a] + [Q, 1q] = [P © Q, a © 1 Q ] = [A", ^(a © Iq)^" 1 ] • 

The automorphism -0(a © 1q)^ _1 of (the row space) A n can be identified with a 
matrix in /3 G QL n (A). The action of 77^ 1 on [P,a] is now /3's image in Kf (A). 

(A. 6) Quillen defines in [15] functors from the category of skeletally small exact 
categories to the category of abelian groups. More precisely, K$(C) = 7r n+ i(BQC, 0) 
where Q is Quillen's Q-construction and B denotes the classifying space. 

The functor is naturally isomorphic to the Grothendieck group functor G; see 
[Pol §2 thm. 1]. For a ring A there is a natural isomorphism K^(proj A) = (A); 
see for example Srinivas 18, cor. (2.6) and thm. (5.1)]. 

Gersten sketches in [11] §5] a construction a natural transformation £ : Kf — s> 
of functors on the category of skeletally small exact categories. The details of this 
construction were later given by Sherman |17[ §3], and for this reason we refer to 
£ as the Gersten-Sherman transformatioT^. Examples due to Gersten and Murthy 
[TTJ prop. 5.1 and 5.2] show that for a general skeletally small exact category C, 
the homomorphism £c : K^(C) — > K*p(C) is neither injective nor surjective. For the 
exact category proj A, where A is a ring, it is known that K^(proj A) and (proj A) 
are isomorphic, indeed, thet are both isomorphic to the classical K-group Kf (A); 
see (|A.5[) and (|A.6[) . Therefore, a natural question arises: is CprojA an isomorphism? 
Sherman answers this question affirmatively in |17[ pp. 231-232]; in fact, in loc. cit. 
Theorem 3.3 it is proved that £c is an isomorphism for every semisimple exact ca- 
tegory, that is, an exact category in which every short exact sequence splits. We 
note these results of Gersten and Sherman for later use. 

(A. 7) Theorem. There exists a natural transformation £: Kf —> K^, which we 
call the Gersten-Sherman transformation, of functors on the category of skeletally 
small exact categories such that C pro j A ■ K?(proj A) K^(proj A) is an isomorphism 
for every ring A. □ 

We will also need the next result on the Gersten-Sherman transformation. Recall 
that a length category is an abelian category in which every object has finite length. 

(A. 8) Theorem. If A is a skeletally small length category with only finitely many 
simple objects (up to isomorphism), then £4 : K^(A) — ► K^(A) is an isomorphism. 

Proof. We begin with a general observation. Given skeletally small exact categories 
Ci and C2, there are exact projection functors pj : C\ x C2 — > Cj (j — 1,2). From 
the "elementary properties" of Quillen's K-groups listed in [151 §2], it follows that 



2 In the papers by Gersten and Sherman 1171 . the functor is denoted by K' 
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the homomorphism (K?(pi),K?(p 2 )): K?(Ci x C 2 ) -> K?(Ci) ffi K?(C 2 ) is an iso- 
morphism. A similar argument shows that (Kf(pi), K B (p 2 )) is an isomorphism. 
Since £ : K B — > is a natural transformation, there is a commutative diagram, 

K b (Ci x C 2 ) (K?(Pl) 5 (P2)) ■ K?(d) © KB(C 2 ) 



Ccj XC 2 



K?( Cl x C 2 ) (K?(Pl) f <P2)) , K?( Cl ) © K?(C 2 ) . 

In particular, £ci x c 2 i s an isomorphism if and only if (ci and Cc 2 are isomorphisms. 

Denote by ^4 SS the full subcategory of A consisting of all semisimple objects. Note 
that A ss is a Serre subcategory of A, and hence A ss is itself an abelian category. 
Let i : A ss c — >• A be the (exact) inclusion. Consider the commutative diagram, 



K?(i) 



K^(A S ) ^->K?(.4). 

Since .4 is a length category, Bass' and Quillen's devissage theorems O VIII§3 thm. 
(3.4) (a)] and JTSJ §5 thm. 4] show that Kf (i) and (i) are isomorphisms. Hence, 
it suffices to argue that Ca ss is an isomorphism. By assumption there is a finite set 
{Si, . . . , S n } of representatives of the isomorphism classes of simple objects in A. 
Note that every object A in _4 SS has unique decomposition A — S® 1 ©• • -®S^" where 
Oi, . . . , a n £ No; we used here the assumption that A has finite length to conclude 
that the cardinal numbers must be finite. Since one has Horn^S^, Sj) = for 
i ^ j, it follows that there is an equivalence of abelian categories, 

Ass ^ (add Si) x • • • x (add S n ) ■ 

Consider the ring Di = End^(S'i) op . As Si is simple, Schur's lemma gives that Di is 
a division ring. It easy to see that the functor Hom^S^, — ) : A — > Mod Di induces 
an equivalence add Si ~ proj Di, and consequently one has an equivalence, 

A ss - (proj Di) x • • • x (proj D n ) . 

By Theorem (|A.7|) the maps C pro j d 17 . . . , (p ro j D n are isomorphisms, so it follows from 
the equivalence above, and the general observation in the beginning af the proof, 
that C_4 as is an isomorphism, as desired. □ 

Note that in this appendix, superscripts "C" (for classical), "B" (for Bass), and 
"Q" (for Quillen) are used to distinguish between various K-groups. Outside this 
appendix, K-groups without superscripts refer to Quillen's K-groups. 
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